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We study a simple model of onduting polymers in whih a single eletron propagates through a
randomly tangled hain. The model has the geometry of a small-world network, with a small density
p of rossings of the hain ating as shortuts for the eletron. We use numerial diagonalisation
and simple analytial arguments to disuss the density of states, inverse partiipation ratios and
wave funtions. We suggest that there is a ritial point at p = 0 and demonstrate nite-size saling
of the energy and wave funtions at the lower band edge. The wave funtions are multifratal. The
ritial exponent of the orrelation length is onsistent with ritiality due to the small-world eet,
as distint from the previously disussed, dimensionality-driven Anderson transition.
Introdution
The small-world eet ours in omplex networks [1℄
that resemble regular latties with a small density p of
shortuts per site [2℄. The key observable is the short-
est path length between two randomly hosen points, l.
Dening a thermodynami limit by
L→∞ , p = onstant, (1)
where L is the number of sites, one nds that for 0 <
p ≪ 1 the network has the loal struture of a regular
lattie but some global properties of a random graph [2℄.
In fat there is a ritial point [3, 4℄ at p = 0 It separates
regular latties (p = 0), for whih the relative size of
the shortest path length, l/L, tends to some nite value,
from latties with nite density of shortuts (p > 0), for
whih l/L → 0. This quantity shows nite-size saling
[3, 4, 5, 6℄: for
L≫ 1, p≪ 1 (2)
it depends only on the saling variable L/ξ, where ξ =
p−ν is a ritial system size diverging algebraially at
p = 0. A simple renormalisation group argument yields
the ritial exponent ν [3℄.
On the other hand it has been aepted for some time
that onduting polymers must be thought of as omplex
networks [7℄. Models have been studied in whih a one-
dimensional Anderson insulator is perturbed by adding
some additional onnetivity in the form of a given den-
sity of hain rossings. It is well established that, when
the density of rossings reahes a nite ritial value,
whih depends on the amount of site-energy disorder,
there is an Anderson metal-insulator transition [7, 8, 9℄.
This ritial point results from the inrease of the ef-
fetive dimensionality of the network. It has also been
demonstrated [10, 11℄ in a model having the geometry of
the Watts-Strogatz (WS) small-world network [2℄.
Interestingly, even models of onduting polymers that
lak site-energy disorder, so that the state of a single
wire with no rossings is metalli, display non-trivial be-
haviour suggestive of proximity to a seond-order phase
transition [12, 13℄. But there has been no detailed dis-
ussion of the nature of this ritial point or its loation
on the phase diagram. Here we shall provide evidene
that it ours when the density of rossings reahes zero
and that its origin is the small-world eet.
The rest of paper is organised as follows. First we
introdue a simple model that generalises the winding
hain of Ref. [12℄ and has the geometry of the Newman-
Watts (NW) network [3℄, with the rossings ating as
shortuts. Then we present results of full-spetrum nu-
merial diagonalisation that demonstrate the small-world
eet : a qualitative hange of the spetrum and wave
funtions on the addition of a small density of shortuts.
We then use Lanzos diagonalisation to study in detail,
for muh larger systems, the lower band edge. We nd
nite-size saling onsistent with the ritial behaviour
of the network desribed in [3, 4℄. Simple analytial ar-
guments are used to haraterise the wave funtions at
the ritial point. Our onlusions are then laid out.
Model
We onsider a single partile moving in a tight-binding
lattie with one orbital per site. The site energy is equal
on all L sites. Hopping an take plae between near-
2est neighbours or between sites onneted by one of N
shortuts. For simpliity we assume the same value of
the hopping integral, t. The Hamiltonian is
Hˆ = −t
∑
j
|j〉 〈j + 1| − t
N∑
s=1
|is〉 〈js|+H.. (3)
where j is a site label and s denotes the shortut on-
neting sites is and js. We assume periodi boundary
onditions: |L+ 1〉 = |1〉.
Note that t is the only energy sale in the Hamiltonian
(3): the system's behaviour is thus ompletely speied
by the way in whih the N shortuts are hosen. One
an imagine reating these shortuts by winding an ini-
tially straight hain, embedded in a higher-dimensional
spae, in a random fashion. Sites that were initially far
apart may ome lose so tunnelling of the eletron be-
tween these sites beomes possible.
The model of onduting polymers in Ref. [12℄ is ob-
tained by requiring that suh winding is in the form of
a series of onseutive, non-interseting loops: i1 < j1 <
i2 < j2 < . . . < iN < jN (exept for the boundary ondi-
tions, whih do not aet our argument). Here we relax
that restrition: our hain is tangled at random so that
eah of
N ≡ L (L− 3)
2
(4)
possible shortuts (exluding only shortuts joining a site
to itself or to a nearest neighbour) is present with the
same probability,
P ≡ 2p
(L− 3) . (5)
The resulting topology is an instane of the NW network
with ritial exponent ν = 1 [27℄.
A similar Hamiltonian, namely the adjaeny matrix
of the WS network, has been onsidered in [14, 15℄. The
authors of [15℄ solved the time-dependent Shrödinger
equation, demonstrating the faster spread of initially lo-
alised wave funtions on a small-world network om-
pared to a regular lattie. In [14℄ the eigenvalues and
eigenvetors were obtained, as a means of haraterising
the networks' geometry. Our argument is based on a
similar alulation. Note, however, that our model has a
distint topology, ompatible with the simple piture of a
tangled hainindeed the Hamiltonian of [14, 15℄ is not
of the form (3). Moreover our spei aim is to identify
ritial behaviour near p = 0 [28℄.
In our model the number of shortuts, N , is a random
variable following the binomial distribution (Poisson for
L ≫ p). Evidently 〈N〉 = Lp, where 〈. . .〉 denotes a
ongurational average.
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Figure 1: (Color online) Density of states (DOS), estimated
from full-spetrum numerial diagonalisation for (a) R = 32
realisations, L = 1024 sites and dierent densities of shortuts
per site, p; (b) R = 16, p = 0.1 and dierent values of L; ()
dierentR with L = 1024 and p = 0.1. All the plots have been
obtained by drawing histograms using 100 uniformly spaed
values of the energy from ǫ = −3t to ǫ = +3t.
Small-world eet
For a nite size L and a given set of shortuts (a re-
alisation) it is straightforward to diagonalise the Hamil-
tonian (3) numerially [29℄. One an then, by averaging
over a nite number of realisations, R, obtain a oarse-
grained estimate of the ongurationally averaged den-
sity of states (DOS), ρ (ǫ) ≡ 〈∑ν δ (ǫ− ǫν)〉 , for a par-
tiular value of p. Here ǫν is the energy of the ν
th
state.
The main panel of Fig. 1 shows the DOS, estimated
in this way, for several small values of p. The urve
for p = 0, given by the well-known formula ρ (ǫ) =(
2π
√
1− ǫ2/4t2
)−1
, is also shown. Panels (b) and ()
illustrate the dependenes of the numerial results on L
and on R. They suggest that the DOS is well dened
in the thermodynami limit (1), and that the plot on
the main panel is representative of it, at this level of
oarse-graining (higher values of L and R would be re-
quired to desribe the ner detail). At p = 0, the DOS
has the usual square-root singularities at the band edges.
For p & 0, the singularities survive in the form of pro-
nouned maxima in the DOS. This is similar to what was
desribed for the model based on the WS network [14℄.
Also in ommon with that model, for p & 1 (not shown),
the spetral density resembles that obtained by numerial
diagonalisation of the adjaeny matries of unorrelated
random graphs. However the salient features of Fig. 1 are
two additional peaks outside the ondution band of the
hain, loated at ǫ = ±√5t. Although this region of the
spetrum beomes less populated as p → 0 the position
of the peaks does not hange and they are present for
any non-zero value of p. They are a qualitative feature
distinguishing the DOS for p = 0 from that for p & 0.
To explore further the nature of the states around
these new peaks we an use numerial diagonalisation
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Figure 2: (Color online) Energy-dependene of the IPR (left-
hand axis) and the exponent α1 haraterising its power-law
dependene on system size L (right-hand axis). The data have
been obtained by exat numerial diagonalisation for R = 16
realisations with p = 0.1 shortuts/site. The IPR vs energy
urve orresponds to L = 1024 sites. It has been obtained
by splitting the energy interval from ǫ = −3t to ǫ = +3t into
20 sub-intervals and averaging the IPR over eah subinterval.
The 16384 individual values of the IPR in our ensemble are
also shown. Similar urves have been obtained for dierent
values of L, and ts of the averaged IPR to a power-law in
eah energy interval have been used to determine α1. Two
examples of suh ts are shown in the inset.
to obtain the inverse partiipation ratio (IPR; n = 1)
and higher-order moments of the loal density distri-
bution (n = 2, 3, . . .). These are given by P−1n (ǫ) ≡∑
jν δ (ǫ− ǫν) |ψν (j)|2(n+1) where ψν (j) is the wave
funtion of the νth state, evaluated on the jth site. For
large enough values of L, we expet the ongurationally-
averaged IPR to be given by a power law:
〈
P−11 (ǫ)
〉
=
L−α1 . The oeient α1 an be used to distinguish ex-
tended states (α1 = 1) from loalised states (α1 = 0) and
states with fratal dimension (0 < α1 < 1) [16℄. Fig. 2
shows our results. They suggest that, for p = 0.1, all
states are fratal, but the wave funtions with |ǫ| > 2t
are muh loser to loalisation than those with |ǫ| < 2t,
whih are almost extended. Note the strong utuations
of the IPR at partiular energies.
The above results reet that there are two quite dif-
ferent types of states. It is easy to show that the real
eigenfuntions of (3) have the form
ψ (x) = Ble
−iK(x−xl) + Cle
iK(x−xl)
(6)
for xl < x < xl+1, where xl denotes the l
th
shortut ter-
minal (i.e. xl = is or js for some s), ordered by asending
site index, and xl+1 − xl > 2. The parameter K and the
orresponding energy ǫK an only take one of the follow-
ing forms: K = −iκ⇒ ǫK = −2t coshκ; K = k ⇒ ǫK =
−2t cosk; K = π − iκ ⇒ ǫK = 2t coshκ. Thus in the
spae between shortut terminals states with |ǫ| < 2t are
plane waves, with wave number k = cos−1 (−ǫ/2t), while
(a)
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Figure 3: Numerially determined single-partile wave fun-
tions for a partiular realisation of our tight-binding model,
with L = 460 sites. Eah wave funtion has been represented
on a irle, whose radius is its energy, measured from −3t.
The innermost wave funtion in (a) is the ground state. The
three exited states with energy below −2t have been plotted
separately for larity: (b), () and (d), in order of inreas-
ing energy. The other wave funtions in (a) have energies in
(−2t, 0). Finally, the straight lines in the innermost irles
indiate whih sites are joined by shortuts.
those with ±ǫ > 2t derease or grow exponentially at the
rate κ = cosh−1 (±ǫ/2t). A partiular ase is the ground
state of a large hain with a large, single loop, whih has
energy ǫ = −√5t and is exponentially loalised at the two
shortut terminals, with loalisation length κ−1 ∼ 2 sites
[17℄. The ase with more than one shortut terminal is
more omplex. A few wave funtions for a partiular real-
isation of our model, with p ∼ 0.01 shortuts per site, are
shown in Fig. 3. States with ǫ < −2t are exponentially
loalised on some of the shortuts. Their energy is very
lose to −√5t, but the degeneray is broken by loalis-
ing on dierent sets of shortuts and by forming bonding
and antibonding ombinations between them. This leads
to the broadening of the peaks in Fig. 1. States with
−2t < ǫ < 0 resemble plane waves, exept that their
amplitude jumps at some of the shortut terminals.
Critial behaviour at the lower band edge
The results presented above indiate a qualitative
hange of behaviour when p beomes non-zero. In par-
tiular the gradual population of the energy peaks at
ǫ = ±√5t is suggestive of a ritial point at p = 0 in
the thermodynami limit (1). This further implies the
universal dependene of all observables on L/ξ in the
nite-size saling regime (2). The latter has been veri-
ed extensively for geometrial features of the NW and
WS networks, suh as the shortest path length and the
lustering oeient [3, 4, 5, 6℄. Here we are onerned
with spetral properties and wave funtions. To obtain
data above and below the ritial system size ξ = p−1
we need to onsider very large systems. In this ase it is
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Figure 4: Dependene on the system size L of (a) the energy
and (b) the IPR (n = 1) and next two higher moments of
the density distribution (n = 2, 3) at the lower band edge
obtained by Lanzos diagonalisation and averaged over 2000
random realisations. The density of shortuts is p = 5×10−4.
The dotted lines indiate 〈ǫ0〉 = −2t and −
√
5t (a) and the
analytial results for p = 0 (b).
best to use a sparse-matrix numerial algorithm [14℄. We
employ [18℄ whih, for real symmetri matries, is an im-
plementation of the Lanzos method. For omputational
eonomy, given that we are now going to examine muh
larger system sizes, we onentrate on the single state at
the lower band edge.
Fig. 4 shows, for xed p, the dependene on L of the
ongurational averages of the ground-state energy ǫ0
and of the moments of the density distribution for the
ground state wave funtion, P−1n,0 ≡
∑
j |ψ0 (j)|2(n+1) .
For nite onduting hains at xed hemial potential,
the average of ǫ0 gives a gross idea of how muh the
energy levels leak out, due to the presene of the short-
uts, below the bottom of the original ondution band.
Our main interest in this quantity, however, is that it
displays ritial behaviour quantitatively onsistent with
the small-world eet (see below). There are four dis-
tint regimes: for L ≪ ξ (I) most realisations do not
ontain any rossings, so 〈ǫ0〉 ≈ −2t and
〈
P−1n,0
〉
= L−n.
For L . ξ (II) the system is in a rossover region in
whih 〈ǫ0〉 dereases and the
〈
P−1n,0
〉
inrease with system
size. For L & ξ (III) the energy reahes a plateau and
stays lose to 〈ǫ0〉 ≈ −
√
5t. In this regime most realisa-
tions have one or more shortuts, but their terminals are
quite far apart. The ground-state wave funtions look
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Figure 5: Finite-size saling of the ground state energy, ob-
tained as in Fig. 4. The main plot shows the ollapse of the
data for p ≤ 10−4 on the urve given by Eq. (8) for values
of the saling variable from L/ξ = 0.001 to L/ξ = 20. The
two dotted lines indiate ǫ0 = −2t and ǫ0 = −
√
5t. The inset
shows data for two higher values of p, for omparison.
like the one in Fig. 3 (a). Interestingly in this range of
values of L the
〈
P−1n,0
〉
derease again. This is beause
although loally the wave funtion is exponentially lo-
alised on shortut terminals, globally the rossings on
whih it hooses to loalise an be quite spread over the
network, and suh spread beomes greater as the net-
work grows in size and more and more rossings beome
available. Finally for L ≫ ξ (IV) 〈ǫ0〉 dereases and the〈
P−1n,0
〉
turn to rise again. This indiates that in the ther-
modynami limit (1) the lower band edge is at −∞ and
ontains loalised states, onsistent with the Lifshitz tails
suggested by Fig. 1.
Figs. 5 and 6 show 〈ǫ0〉 and the
〈
P−1n,0
〉
(n = 1, 2, 3) for
very low values of p, plotted as funtions of the saling
variable L/ξ = Lp. For p ≤ 10−4 rossings per site the
data ollapse to a single urve in the ranges of values of
L/ξ shown. The inset to Fig. 5 and Fig. 6 (b) show the
same data for two higher values of p. Evidently the ol-
lapse is not so good. However there is a range of values
of L/ξ over whih the data depend only on that variable
whih beomes wider as p is lowered. Clearly this widen-
ing nite-size saling regime orresponds to the regions
II and III identied above.
The dening feature of the nite-size saling regime is
that, although the number of shortuts on the network is
arbitrary (indeed 〈N〉 = L/ξ), all shortut terminals are
well separated. The probability of this is
P
sep
≈ exp [−4p (2Lp− 1)κ−1] (7)
(taking N = pL and using that the relevant length sale
is 4κ−1 ≪ L; see the Appendix). Evidently in the ther-
modynami limit (1) P
sep
→ 0. On the other hand the
nite-size saling regime is reahed when, for a given
value of the saling variable Lp, the density of ross-
ings p is suiently low that P
sep
≈ 1. In this ase
shortuts are not lose enough to lift the degeneray of
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Figure 6: Finite-size saling of the IPR (n = 1) and next two
higher moments of the loal density distribution (n = 2, 3)
at the lower band edge, obtained as in Fig. 4. (a) Shows
the ollapse of the data for p ≤ 10−4 on the urve given by
Eq. (10) for values of the saling variable from L/ξ = 0.1 to
L/ξ = 5. The solid lines orrespond to α = 0.48, 0.40 and 0.33
and t the n = 1, 2, 3 data, respetively. The dotted lines
orrespond to α = 0 and α = 1. In (b) data for two higher
values of p over a wider range of values of L/ξ is displayed for
omparison.
the ground state and so the only possible energies are
ǫ0 = −2t (when there are no shortuts) and ǫ0 = −
√
5t
(when there are one or more). Sine the probability of the
former is (1− P)N ≈ e−PN (for p ≪ L), with N and P
dened in Eqs. (4) and (5) respetively, using PN = pL
we obtain the following exat analytial expression for
the nite-size saling law giving the ongurational aver-
age of the ground-state energy:
〈ǫ0〉 = e−L/ξ (−2t) +
(
1− e−L/ξ
)(
−
√
5t
)
. (8)
This is the urve plotted in Fig. 5 alongside the numerial
data. Let us now deploy a similar argument for the mo-
ments
〈
P−1n,0
〉
. Suppose that, for a given realisation, hav-
ing N shortuts, the wave funtion were exponentially lo-
alised around a single site x0: ψ0 (x) ∼ e−κ|x−x0|. Then
the moments at the lower band edge would be given by
P−1n,0 = tanh
n+1 κ/ tanhκ (n+ 1) . In atual fat the wave
funtion is loalised around 2N ′ sites, orresponding to
the terminals of N ′ ≤ N shortuts. Sine the sites xt
of the terminals are all well separated we an derive (see
the appendix)
P−1n,0 =
tanhn+1 κ
[tanhκ (n+ 1) 2nN ′n]
. (9)
Let us assume that N ′ depends only on N and postu-
late a power law: N ′ = Nα. Then using the Poisson
distribution we obtain
〈
P−1n,0
〉
=
∞∑
N=1
e−L/ξ (L/ξ)
N
N !
tanhn+1 κ
tanhκ (n+ 1)
1
2nNαn
(10)
whih gives the nite-size saling of the moments
〈
P−1n,0
〉
.
It is important to note however that this expression, un-
like (8), ontains an adjustable parameter α. Depending
on its value it an desribe very dierent behaviours. In-
deed for α = 1 (i.e. requiring that the wave funtion is
exponentially loalised always on the same fration of the
shortuts) we have
〈
P−11,0
〉
=
tanhn+1 κ
2 tanhκ (n+ 1)
{Ei (L/ξ)− ln (L/ξ)− γ} ,
(11)
where γ is Euler's onstant and Ei (x) is the exponential
integral. For large L/ξ, we have
〈
P−11,0
〉 ∼ (L/ξ)−1 (more
generally
〈
P−1n,0
〉 ∼ (L/ξ)−n) orresponding to a state
whih, although exponentially loalised at the loal level,
is extended globally over the whole network. Conversly
for α = 0 (i.e. the wave funtion is exponentially loalised
always on a single shortut) we obtain
〈
P−1n,0
〉 ≈ onstant
for large L/ξ, i.e. the wave funtion is loalised in the
true sense of the word. The dashed lines in Fig. 6 (a)
represent these two extreme ases. On the other hand the
data are tted quite aurately by using three dierent
intermediate values of α for n = 1, 2, 3, respetively. This
is represented by the solid urves in Fig. 6. It suggests
that the global struture of the wave funtion at the lower
band edge is multifratal in the nite-size saling regime.
Conlusion
In summary we have studied a simple model of on-
duting polymers in whih hain rossings at as short-
uts for the eletrons, so they move in a small-world
topology. Our results are based on numerial diagonal-
isation (full spetrum for systems of size L ∼ 103 and
Lanzos for L ∼ 105) and some simple analytial argu-
ments. We have seen that a small density of shortuts p
leads to qualitative, but ontinuous hanges in the DOS
and wave funtions. The former take the form of new
peaks appearing at well dened positions ǫ = ±√5t out-
side the initial ondution band, |ǫ| < 2t. At these peaks,
6the wave funtions have a non-trivial struture. We have
investigated in detail the lower band edge, onrming
through nite-size saling that there is a ritial point at
p = 0. The ritial exponent of the orrelation length is
onsistent with ritiality due to the small-world eet.
We have derived analytial expressions for the saling
laws of the energy and the IPR and higher moments of
the density distribution. The latter expressions ontain
an adjustable parameter α desribing the global struture
of the wave funtion, whih we nd to be multifratal.
We end by making two additional remarks. Firstly,
the ritial point desribed here is quite distint from the
dimensionality-driven Anderson transition onsidered be-
fore [7, 8, 9, 10, 11℄. The latter ours at a nite rit-
ial density of rossings pc (W ) > 0, whih depends on
the amount of site-energy disorder W . Sine real highly
onduting polymers are intrinsially disordered [19℄ the
small-world ritial point at p = 0 is not diretly aes-
sible to experiments. Nevertheless it may make a sig-
niant ontribution to ondutane utuations in the
metalli state. Seondly, the multifratality of the wave
funtions suggests that the adjaeny matries of small-
world networks might be desribable by the power law
banded matrix ensemble [20℄ of random matrix theory.
This intriguing possibility remains largely unexplored
[30℄.
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APPENDIX
In this Appendix we provide some simple derivations
omitted in the main text. Firstly, let us prove that the
probability P
sep
of all the 2N shortut terminals being
well separated from eah other is given by Eq. (7). Eah
terminal is found at a random loation along the hain.
Let xt, with t = 1, 2, ..., 2N, be the site indies of those
loations. As noted in the main text, the ground-state
wave funtion deays exponentially as e−κ|x−xt| in the
spae between terminals. After seleting the loation of
the rst terminal, the probability for at least one of the
2N − 1 remaining terminals to be within 2κ−1 of x1 (the
fator of two is arbitrary and does not aet the argu-
ment) is (4κ−1/L)(2N − 1). Thus the probability that
the rst terminal is separated form all the other termi-
nals (in the sense that it is within two deay lengths of
any one of them) is
P1 = 1− 4κ
−1
L
(2N − 1). (12)
Now onsider the seond terminal, loated at x2. The
probability of the remaining 2N − 2 terminals being well
separated from this one, in the same sense as above, is
1 − (4κ−1/L)(2N − 2). So the probability of both the
rst and seond terminals being well separated from all
the others is
P2 =
[
1− 4κ
−1
L
(2N − 1)
] [
1− 4κ
−1
L
(2N − 2)
]
. (13)
At this point we an already see that the probability of
all the terminals being well separated from eah other is
given by
P
sep
= P2N−1 =
2N−1∏
j=1
[
1− 4κ
−1
L
(2N − j)
]
(14)
whene, taking logarithms,
log(P
sep
) ≈ −4κ
−1
L
2N−1∑
j=1
2N − j = −4κ
−1N
L
(2N − 1).
(15)
Considering that the averaged number of shortuts is pL,
Eq.(7) follows.
Let us now prove Eq. (9) for the moments of the density
distribution of the ground-state wave funtion. With N
well separated shortuts, let us suppose the ground-state
wave funtion has peaks at 2N ′ shortut terminals (N ′ ≤
N), deaying exponentially from eah maximum again as
e−κ|x−xt|. The moment P−1n,0 is given by
P−1n,0 =
L∑
j=1
|ψ0(j)|2n+2
≈ |A|2n+2
2N ′∑
t=1

 ∞∑
j=−∞
(e−κ|j|)2n+2


= |A|2n+2 2N
′
tanh [(n+ 1)κ]
, (16)
where A is a normalization onstant. The latter an be
found from P−10,0 = 1. It is
A2 =
tanh(κ)
2N ′
, (17)
whih substituted in Eq. (16) yields Eq. (9).
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